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5_( ' Abstract. In this paper we study the existence problem for the p(x)— Laplacian operator with 

Oh| a nonlinear critical source. We find a local condition on the exponents ensuring the existence 

of a nontrivial solution that shows that the Pohozaev obstruction does not holds in general in 
the variable exponent setting. The proof relies on the Concentration-Compactness Principle for 
variable exponents and the Mountain Pass Theorem. 
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1. Introduction 

In this paper we address the existence problem for the p(x)— Laplace operator with a source 
that has critical growth in the sense of the Sobolev embeddings. To be precise, we consider the 
equation 

i-A p{ . )U + h\u\P^~ 2 u = \u\i^- 2 u in U, 
^ ' ' I u = on dU, 

where U C M. n is a smooth bounded domain, p, q: U — > [1, oo) are Log-Holder continuous 
functions such that 1 < infjy p < suprj p < n and 1 < q(x) < p*(x) := np(x)/(n — p(x)), x G U. 
^ ' The p(x)-Laplacian operator A p (.) is defined, as usual, as 

^ ! A p( .)U := div(\Vu\ p ^' 2 Vu). 

This operator appears in the study of the so-called electrorheological fluids. We refer to the 
monograph by M. Ruzicka, |19| . and its references, for a detailed account. In particular, after 
^ ■ some simplifications, the modelling of these fluids lead to solve 

Si / 12 ) / -A p( .)« = /(-,«, V«) inU, 

1 u = on dU, 

for some nonlinear source /. In most cases, the source term is taken to be only dependent on u 
and so, in order for the usual variational techniques to work, one needs a control on the growth 
of / given by the Sobolev embedding. 

When the growth of / is subcritical in the sense of the Sobolev embedding the existence of 
solution follows easily by applying standard procedures of the calculus of variations (see e.g. 
[SI El fl5| [16] and many others). On the other hand, when the source term has critical 
growth, there are only a few results on the existence of solutions for ([1.2p that we will review 
thoroughly later. Let us just notice for the moment that these results only provide global 
existence conditions. This strongly contrasts with the constant exponent case that has been 
widely studied since Aubin and Brezis-Nirenberg's seminal works [21 |5|, and for which it is 
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generally possible to provide existence conditions that are local in the sense that they involve the 
behaviour of the coefficients of the equations (and possibly some relevant geometric quantities) 
only in a neighborhood of a point. Our main purpose in this paper is to provide local existence 
conditions for the equation (jl.ljl . 



In order to study (jl.ip by means of variational methods, we introduce the functional J : 



W^(U) 
(1.3) 



defined by 



J(u) :- 



p(x) 



Vu\ p W +h(x)\u\^ x A dx 



u 



q(x) 



u 



dx. 



This functional is naturally associated to (jl.ip in the sense that a weak solution of (jl.ip is a 
critical point of J. We refer to Section 2 for the definition and some elementary properties of 
variable exponent spaces. 

We need to assume that the smooth function h is such that the functional 

(1.4) !(«):= f 1 

is coercive in the sense that the norm 

inf J A > 



p{x) 



\Vu\ p(x) + h(x)\u\ p ^) dx 



Vu + h(x)u(x) 



A 



p(x) 



dx < 1 



is equivalent to the usual norm of W^\u) 



When inff/ q > supjjp, it is easy to show that J satisfies the geometric assumptions of the 
Mountain-Pass Theorem (cf. Section 4). Hence if we assume moreover that the exponent q is 
subcritical in the sense that 

(1.5) inf(p* - q) > 0, 

which implies that the immersion L q ^{U) is compact, then J satisfies the Palais- 

Smale condition, and the existence of a nontrivial solution to (jl.ip follows easily. 

When (|1.5p is violated, the immersion Wn (U) L q ^(U) does not need to be compact 
and so the Palais-Smale condition may fail. The existence of a non-trivial solution to (jl.ip is 
then a non-trivial problem. 

We denote by 

(1.6) A := {x G U: q(x) =p*(x)} 

the critical set. We will assume in this work that this critical set is nonempty. 

In |17| the authors prove that if A is small and there exists a control on the rate of how q 
reaches the critical value p*, then the immersion remains compact, and 

so the usual techniques can be applied. When the immersion fails to be compact they prove 
that if the subcriticality set U \ A contains a sufficiently large ball, then (jl.ip with h = has a 
nonnegative solution. 

In [12] , problem (jl.ip is studied with h = and with a subcritical perturbation. In this 
work the authors generalize the Concentration-Compactness Principle (CCP) of P.L. Lions to 
the variable exponent case and prove that if the subcritical perturbation is large enough on the 
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critical set, the Palais-Smale condition is verified and so the existence of a nontrivial solution 
follows. See also |13| where similar results were obtained independently. 

In |21| . using the CCP of |12| 113] . a multiplicity problem for (|l.ip with h = and a nonsym- 
metric subcritical perturbation is analyzed. 

More recently, the authors in studied the best Sobolev constant S(p(.),q(.),U) corre- 
sponding to the embedding Wq'^ \u) L q ('\U), namely 

(1.7) S(p(.),q(.),U) = inf 

Using a refinement of the CCP proved in |12j . they gave sufficient conditions for the existence of 
an extremal for S(p(.),q(.), U), and so the existence of a solution to (jl.ip with h = follows. 

The study of (II. ip posed in the whole lR n is analyzed in (TJ 114] . In those works the authors 
studied the problem in the case where p, q and h are radial functions and give somewhat restrictive 
conditions to ensure the existence of a nontrivial radial solution. 

From now on we will assume that 

(1.8) supp < inf q. 

U u 

Our first result provides a condition for the functional J defined by (II. 3p to satisfy the Palais- 
Smale condition. 

Theorem 1.1. The functional J satisfies the Palais-Smale condition at level c G (0, -S n ) where 
(1-9) S:= inf ■KmS(p(-),q(-),B € (x)), 

and S(p(-), q(-), B e (x)) stands for the best Sobolev constant for the domain B e (x) defined in a 
similar way as in U.7\) . 

The proof of Theorem 11.11 relies on a precise computation of the constants in the CCP recently 
proved by |llj . 

As a corollary, we can apply the Mountain-Pass Theorem to obtain the following necessary 
existence condition: 

Theorem 1.2. If there exists v E Wq' p( ~ (U) such that 

(1.10) sup Jitv) < -S n , 
then (II. 1|) has a non-trivial nonnegative solution. 

Eventually the following result provide a sufficient local condition for (|1.10p to hold: 

Theorem 1.3. Assume that the infimum in the definition (|1.9p of S is attained at a point xq G A 
such that xq is a local minimum of p and a local maximum of q. In particular 

(1.11) - Ap(x ) <0< -Ag(xo). 

Assume moreover thatp,q are C 2 in a neighborhood of xq, and that h(xo) < if 1 < p{xq) < 2 
(n > A), or if 2 < p{xq) < y/n (n > 5), that at least one of the two inequalities in (II. lip is 
strict, but h(xo) is arbitrary. Under these assumptions ([l.lOp holds. In particular (jl.ip has a 
non-trivial nonnegative solution. 
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In the constant exponent case, the well known Pohozaev obstruction [18] affirms that if h > 
and U is starshaped then there are no (positive) solutions to (11, ip . Our result shows that for 
variable p and q and p{x) > 2 this does not need to be the case, showing a stricking difference 
between the constant exponent case and the variable exponent one. 



2. Preliminaries on variable exponent spaces. 

In this section we review some preliminary results regarding Lebesgue and Sobolev spaces with 
variable exponent. All of these results and a comprehensive study of these spaces can be found 

in m 

Consider a function p : U — > [1, +oo] Log-Holder continuous in the sense that 

C 

\p(x) - p(y)\ < - : v , for x,y G U, x ^ y 

| log \x — y\\ 

for some constant C > 0. This regularity assumptions is not needed to define the Lebesgue 
and Sobolev spaces with variable p but turns out to be very useful for these Sobolev spaces to 
enjoy all the usual properties like Sobolev embeddings, Poincare inequality and so on. We will 
therefore assume it from now for simplicity. 

The variable exponent Lebesgue space U>W(U) is defined by 

LP(*)(Z7) = {u G L\ oc {U): j \u{x)\ p ^ dx < oo}. 
This space is endowed with the norm 

. f . f u(x) p( x ) , i 

||ii||£P(*)([/) = mi |A > : J dx<lj. 

The variable exponent Sobolev space W l ^ x \U) is defined by 

W l > p{x \U) = {u G W££(U): u G L p( - x \U) and |Vn| G L P ^ X \U)}. 
The corresponding norm for this space is 

1 1 u 1 1 iv'i.pC*) (i/) = ll' u llL! ) ( a: )(C/) + II^ 7u IIlp( ;c )((7)- 

Define W^' p{x \u) as the closure of C™(U) with respect to the W l ^ x \U) norm. The spaces 

L p ( x \U), W 1,p<yX \U) and Wq' p ^ x \u) are separable and reflexive Banach spaces when 1 < p~ < 
p + < oo, where p~ := ess — intup and p + := ess — supjjp. 

As usual, we denote the conjugate exponent of p{x) hy p'{x) = p(x) / (p(x) — 1) and the Sobolev 
exponent by 

li^gj M«)<JV, 

I oo if p(x) > N. 



p (x) 



The following result is proved in |10| (see also [7], pp. 79, Lemma 3.2.20 (3.2.23)). 

Proposition 2.1 (Holder-type inequality). Let f G L p ( x \~U) and g G L q ^ x \U). Then the 
following inequality holds 

H/3llzsW(77) < ((-) + (-) ) II/IIlpW(C/)I|9|Il<7W([/) j 
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where 

1 1 1 

+ 



s(x) p(x) q(x) 
The Sobolev embedding Theorem is also proved in |1U) . Theorem 2.3. 

Proposition 2.2 (Sobolev embedding). Let q : U G [l,+oo) be a measurable function such that 
1 < q(x) < p*(x) < oo for all x £ U. Then there is a continuous embedding 

W l ^ x) {U)^ L q ( x \U). 
Moreover, if ii\£ jj{p* — q) > then, the embedding is compact. 

As in the constant exponent spaces, Poincare inequality holds true (see [7J, PP- 249, Theorem 
8.2.4) 

Proposition 2.3 (Poincare inequality). There is a constant C > 0, C = C(U), such that 

\\ u \\lp( x )(u) — ( -^ll^ tt lliy 1 .p( a: )((7)' 

for allu€ Wq' p(x) {U). 

It follows in particular from the Poincare inequality that HVitH^pOcVm an d IMIw^pO-O rm are 
equivalent norms on 

Throughout this paper the following notation will be used: Given q : U —> R bounded, we 
denote 

q + := sup q(x), q~ := inf q{x). 

U u 

The following proposition is also proved in |10] and it will be most usefull (see also [7J , Chapter 
2, Section 1). 

Proposition 2.4. Set p(u) := J v \u(x)\ p(x ^ dx. Foru,£ ]J>^\U) and {u k } k( , N C L^ X \U), we 
have 

( u 
(2.1) u ^= ( \\u\\ LP(x)(u) = A & p(-) = 1 



(2.2) \HlpW(u) < !(= !;> !) p( u ) < !(= > 

(2-3) l|«lliP(-)(to > 1 H u IIlpW(i/) ^ P( u ) ^ W u W P L^)(uy 

(2-4) < 1 => IM|£ (j0(u) < p(w) < ||«||^p(«) (t0 - 

(2.5) lim ||tife|| LP w ( m = 44> lim ,o(« fc ) = 0. 

(2.6) lim ||wfc||jy,( !e v t n = oo 44> lim p{uk) = oo. 

fc— >oo ^ ' A:— >oo 

The following Lemma is the extension to variable exponents of the well-known Brezis-Licb 
Lemma (see [1]). The proof is analogous to that of [I]. See Lemma 3.4 in [12| . 

Lemma 2.5. Let f n — > f a.e and in L P ^ X \U) then 

lim ( / / |/-/n| p(2) ^ = / l/l^dx. 

n ^°° Vic/ Ju J Ju 

For much more on these spaces, we refer to [7J. 
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3. Proof of theorem 11.11 

In this section we verify that the functional J defined by (jl .3|) satisfies the Palais-Smale 
condition (PS for short) for energy levels below the critical one ^S n . The scheme of the proof 
is classical (see e.g. |20| ) but relies on a version of Lions' concentration-compactness principle 
adapted to the variable exponent setting in |12j and then refined in |11| . 

Let {itfcjfceN C W 1 '^ (U) be a PS-sequence for J. Recall that this means that the sequence 
{J( u k)}k&N is bounded, and that DJ(u k ) — > strongly in the dual space W 1,P ^'(U)' . 

Recalling that the functional / defined by (jl .4|) is assumed to be coercive, it then follows that 
{Mfc}fc e N is bounded in W 1,P ^'\U). In fact, for k large, we have that 

c+ 1 > J(u k ) - — (DJ(u k ),u k ) 

q 

>(^-— ) / \Vu k \vW + h(x)\u k fMdx- [ (J- - —)\ Uk \^) dx 

p + qr Ju Ju q(x) q~' 

> (4 - — ) / \Vu k \vW + h(x)\u k \*& dx. 

p + q Ju 



We may thus assume that u k — u weakly in wj'^ We claim that u turns out to be a 

weak solution to ([l.ljl . In fact, since u k u weakly in Wq' p ^ \u) it follows that 



from where the claim follows recalling assumption (jl.8p . 

|Vwfc| pH ~ 2 V«fc ->> \Vu\ p ^~ 2 Vu weakly in L P '^(U) 
\u k \ p ^- 2 u k -» \u\ p ^~ 2 u weakly in L P '^(U), 
\u k \ q U- 2 u k -± \u\ q U- 2 u 



190-2,,, ^ |„|90-2„ weakly j n L q>{ --\U). 



So 



= lim (DJ(u k ), 

k— ¥OD 



f S n = lim I \Vu k \ p ^- 2 Vu k VcJ) + h\u k \ p ^- 2 u k (j)dx- I 

= [ \Vu\ p{x) - 2 VuV(t> + h\u\ p{ ^- 2 u(i)dx- [ 
Ju Ju 



\u k \^- 2 u M 



for every <f> E C^°(U). This proves that u is a weak solution of (jl.lj) . 

By the CCP for variable exponents (see |12| and the refinement proved in [1 1 J ) it holds that 



\u k \ q ( ' — 1 v = \u\ q ^ + ^t<5a!j weakly in the sense of measures, 

iei 



\Vu k \ p U -± fi > \Vu\ p ^ + ^2 Pitxi weakly in the sense of measures, 



iei 



q l/p*(xi) . l/p(xi) 



where / is a finite set, and {/Ui}ig/ are positive numbers and the points {xj}j g / belong 

to the critical set A defined in (11.61). 
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It is not difficult to check (arguing as in (|3.ip ) that v k ■= u k — u is PS-sequence for J(v) := 
J{ v ) ~ fu j%xjh\ v \ P ■ Now, by Lemma [2.51 we get 

J{u k )-J(u)= f Ji-\\Vv k ^+h\v k \^]dx- [ -L\ Vk \*Wdx + o{l) 
Ju P\ x ) L J Ju Q\ x ) 

= J(v k )+ I -^h\v k \ p ^dx + o(l) 
Ju P[x) 

= J{v k ) + o{\). 
Since u is a weak solution of (jl.lj) . and since p + < q~, 

J{u)>^T I (\Vu\ p W +h(x)\u\ p W) dx- — [ \u\ q{x) dx 
P + Ju K J Q Ju 

I \u\^dx 

p + q J Ju 
> o. 

Therefore, 

J(u k ) > J(v k )+o(l). 

Let (j> £ C™(U). As DJ(v k ) -»• 0, we have 

o(l) = {DJ(v k ),v k <f>) 

= f \Vv k \ p{x) 4>dx- [ \v k \ q{x) <j)dx+ [ \Vv k \ p{x) - 2 Vv k V(j)v k dx 

Ju Ju Ju 

= A-B + C. 

Since v k — 1 weakly in W 7 ^ \U) it is easy to see that C — > as k — > oo. By means of Lemma 
12.51 it follows that 



A—t / <j) dpi and B I <fi di>, 
Ju Ju 

where fx = fx — \Vu\ p ( x ' and v = v — \u\ q ^ . So we conclude that fx = v. In particular V{ > Li% 
(i £ I) from where we obtain that Ui > S n . Hence 

c= lim J(u k ) > lim J(v k ) = [ -j— dfx - [ -j—rdi> 

k^oo k->oo J p{X) J q{X) 

p(x) q{x)) dV ^ (p(xi) p*{xi)) U% 

> W)-s n . 

n 

We deduce that if c < ^S n then / must be empty implying that u k — )■ u strongly inW l ^\U). 

4. Proof of theorem 11.21 

The proof of Theorem 11.21 is an immediate consequence of the Mountain-Pass Theorem, The- 
orem [TTT] and assumption (jl.lOp . 



8 J. FERNANDEZ BONDER, N. SAINTIER AND A. SILVA 

In fact, it suffices to verify that J has the Mountain-Pass geometry and that J(tu) < for 
some t > 0. Concerning the latter condition notice that for t > 1, 

J{tu)= / — -(\Vu\^ x) + h(x)\u\ p{x) ) dx- / — -\Vu\^ x) dx 
Ju P{x) V J Jjj q{x) 

<t p+ I(u)-t q ~ [ _L.|v«|«W dx, 
Ju li x ) 

which tends to — oo as i -> +oo since q~ > p + . 

It remains to see that J has the Mountain-Pass geometry. But J(0) = and, if IMI^i.pOW) = 
r small enough, then 

/ \Vv\ p ^ + h\v\ p(x) dx > C\\v\\ p \ p(0 
Ju W o' 1 



and 



so 



>(U) 

\v\\ Lq (- ){u) < C\\v\\ w i, Pi . ){u) = Cr < 1, 

i v\ 9{x) dx<C\\v\\ q ~ lv() . 
Therefore 

Jfo) > -^ r P + _ — T T > o, 
since p + < Q ■ This completes the proof. 

5. Proof of theorem 11.31 

Let xq S A be such that 

5:= inf ;iim5(p(-),g(0,5 £ ( a; )) = lim5(p(-),?(-),S £ (xo)). 

For ease of notation we assume that xo = 0, write p = p(Q) and observe that q = q(0) = p* . 
From Theorem 6.1 in |llj . we have that if is a local maximum of q and a local minimum of p, 
then 

S=limS(p(-),q(-),B e (0))=K(n,p)-\ 

€->0 

where K(n,p) is the best constant in the Sobolev inequality in M. n , i.e. 

K(n, P yi= inf Iffgg^l. 
Let J7 be an extremal for the constant K(n,p). That is, U verifies 

vl n.-i I|v^IIlp(R") 

\\ v 1 1 LP* (R™) 

It is well known, see [2J[22], that U can be given by the formula 

JJ(x) = (l + 

Moreover, any extremal for K(n,p) is obtained by a translation and a dilation of U in the form 

71 — p 

U e ,x (x) = e ~l7((x - x )/e). 



n — p 
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Given 5 > small we take a cut-off function n G C^°(B2S, [0, 1]) such that 77 = 1 in B$. We 
then consider the test-function 

u € (x) = U efi (x)rj(x). 

For this test function we have: 

Proposition 5.1. Assume that is a critical point of p and q. We have 
• Ifp<%, 

(5.1) / f(x)u q € {x) dx = A + A 1 e 2 \ne + o(e 2 lne) 



with 



A = f(0)[ U p * dx, A 1 = - T ^^ f -^- [ U p *(D 2 q{0)x,x)dx 

it" P 2 J^n 



• Ifp < min{^, ^±2}, 



(5.2) f f(x)\Vu t \ p( - x Ux = B + B 1 e 2 lne + o(e 2 \ne) 

it" 



with 



Bo = /(0)/ iVf/l^x, Bl = --iP- f \VU\ p (D 2 p(0)x,x)dx 
• Ifp < sjn, 

(5.3) f f(x)\u e \ p( - x Ux = C e p + o(e p ) with C = f(Q)[ U p dx. 

it" JR n 

Remark 5.2. Observe that if g{x) is a radial function then 

/" f tr(A) f 

/ g(x)(Ar, x) dx = tr(A) I g(x)x\dx= / g(x)\x\ 2 dx, 

ifi" i]R" n it" 

for any A £ IR nxn (with adequate decaying assumptions at infinity on g). In fact this is a 
consequence of the fact that, for i / j, 



g(x)xiXj dx = 0. 
With this observation, we easily conclude that 

Ax = -^Ag(O) f U p *\x\ 2 dx 

P* i]R" 



and 



B 1 = -iP-Ap(0) [ \VU\ p \x\ 2 dx. 
2p J MP 

We postpone the proof of this proposition to Section 6. 

As U is an extremal for K(n,p) it follows that U verifies 

_ A = K(np)- p = 

II77II P p 
ll u II LP* (R") 
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n-p 

Then V = C~pU = K{n \p\\ p J U solves -A P V = V v *- X and satisfy 

\\VV\\ LP(Rn) =K(n,p)- n /P. 

Consider the test function 

n—p 1 

v e (x) = e p V(x/e)r](x) = Cp*-p u e (x). 
Using the previous proposition we immediately obtain 

Proposition 5.3. Assume that is a critical point of p and q. If p < mm{T/n, then 
[ f(x)vj^dx = f(0)K(n,p)- n + /(0)^e 2 lne + o(e 2 lne), 

(5.4) / f{x)\Vv t \ p{x) dx = f(0)K(n, P y n + f(0)Be 2 lne + o(e 2 lne), 

f(x)\v e \ pix) dx = f(0)Ce p + o(e p ), 



with 



b = -^±K(n, P y- n \\u\r? [ \x\ 2 \VU\ 

C = K(n,p) p - n \\U\\- p \\U\\ p . 



dx, 



Using v e as a test-function in ([l.lOp we can see that there exists to > 1 such that J(tv e ) < 
for t > to- Now if p < 2, we can write 

f e (t) := J(tv e ) = f (t) + e p f 1 (t) + o(e p ) 

C^-uniformly in t S [0, to], with 

f (t)=K(n,p)- n (-- t -^), and / a (t) = -t p h(0)C. 

\P p J p 

Notice that /q reaches its maximum in [0,to] at i = 1. Moreover it is a nondegenerate maximum 
since /q (1) = (p— p*)K~ n ^ 0. It follows that f e reaches a maximum at t e = 1 + ae p + o(e p ) for 

a = — nil)'-, . Hence 
Jo \ L ) 

sup J(tv e ) = J(t e v e ) = -K(n,p)- n + h(l)e p + o(e p ) 
t>o n 

Then if h(0) < we get sup t>0 J(tv e ) < ±K(n,p)~ n . 
We now assume that p > 2. Then 

/ e (t) = J(tv e ) = f (t) + ~h{t)e 2 lne + o(e 2 lne), 

C 1 -uniformly in t S [0, to]> with 

IP* . t p 
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As before f e reaches its maximum at t e = 1 + ae 2 lne + o(e 2 lne) with a = — jrrj^ ■ Hence 
sup J{tv e ) = J(t e v t ) = /o(l) + /i(l)e 2 lne + o(e 2 lne) 

= ^K(n,p)- n + /i(l)e 2 lne + o(e 2 lne). 

We thus need /i(l) < i.e. 

£ ivr-T' j.j- / |./-i 2 r''' 

(5.5) - Ap(0) < -Ag(0)(p/p*) 2 £>(n,p), where D(n,p) := 



U p " dx / |x| 2 |W| p cfx 



Since is a local maximum of q and a local minimum of p we already know that (|1.11|) holds. 
Then if one of the two inequalities in (jl.lip is strict we see that (|5.5|) holds. 

This ends the proof of Theorem 11.31 

As a final remark, we notice that we can compute D(n,p) exactly. To do this let 

. T(q)T(p-q) 



poo 

(5.6) n-.= / ti- 1 {l+t)-Pdt = B(q,p 

Jo 



r(p) ' 

where B(x,y) := / °° t x ~ 1 (l + t)~ x ~ y dt is the Beta function. This formula can be found, for 
instance, in [3]. Passing to spherical coordinates and then performing the change of variable 

t = rp- 1 , dr = - — t pdt, we obtain 



/ U P *dx = U n -!?—^In Ppl . 

Jk« P 



x\ 2 U p dx = ui n -\- /, 



V - 1 n^-±+2 
£_ TP P 



P 



n 



\VU\ P dx = U) n ^i I n 

P VP- 1 / 



x| 2 |V(7| p cfa; = u; n _i- -(- — f] J n " 



p-1 fn-py nH=i-|+3 



Then 



D(n,p) 



p \p — 1 

/ n p "J n " „ (n-p)-2(p-l) 



'(P- 1 ) | ^ n(p-l) 2 | 2 



n(p— 1) n(p— 1) 2 



T P J P 

1 n 1 n 

where we used that 



3 n — p n + 2 



jq+l = 1 jq 

p p-q-1 P 

which follows from fj5.6|) and the formula T(z + 1) = zT(z) 



6. Proof of Proposition 15.11 
As is a local minimum of p(-) we can assume that p^ s ■= mm x ^B 2 s P( x ) = P- 
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6.1. Proof of (I5.lt. We first write 



f(x)u e {x) q & dx = / f(x)uf x Ux + / f{x)u t {x) q W dx = h{e) + I 2 {e). 

Since u e (x) < 1 if \x\ > e l / p , we have, letting := min£ 2(5 q that 



h(e)<\\f\\ L ~(B 2S ) / u e (x)«vdx 

JB 2S \B el/p 

<\\f\\L°°(B 2s) e n -^ [ U(x)^dx, 

yR»\S e _ (p _ 1)/p 

where the integral in the right hand side can be bounded by 

I p n—p — /' -,, n — p— p—l,n — p 

C (i + r — )-— <? 2i r «-i dr <c r ~ 1+n ~-p^ q ™ dr < Ce ~ + ~ 

J e -(p-l)/p Je-iP-V/P 

Hence h(e) < Ce n ' p so that 

f{x)u e {x) q{x) dx= I f{x)u e (x) qix) dx + 0{e n/p ) 

= I f(ex)e n - q{ex) ^U(x) q(ex) dx + 0{e n/p ). 



As Vg(O) = we get 



3 e -(p-i)/p 

g(ear) = </(0) + ^e 2 (L> 2 g(0)x, x) + o(e 2 |x| 2 ) 



with q(0) = p(0)* = p*, so 

/ f(x)u e (x) qix) dx=A (e) + A 1 ( y e)e 2 lne+ [ o(e 2 In e)\x\ 2 U{xf* dx 

+ e / C/(x) p * V/(0) • x dx + 0(e n / p ) 

JB £ _ {p _i )/p 

=A (e) + A x {e)e 2 In e + o(e 2 In e) + 0(e n/p ), 



where -Ao(e) and A\(e) are the same as Aq and A\ except that we integrate over B e -( P -i)/ P instead 
of W 1 and we have used the fact that 



U{x) p V/(0)-xdx = 0, 

p 

since U is radially symmetric. We have 



B £ -(p-i)/p 





Uixf 

■ n \ B e -(, P ~i)/p 

+oo p 




(1 + rp- 1 ) 




-0-x)/p 








-0-1)/* 


n 

< Cev 
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If p < (n + 2) /2, we can estimate 



|Ai(e) < C f \x\ 2 U{x) p ' dx 



in \ B e -(p-l)/p 
< C / (1 +r^y n r n+l dr 

We thus have 

f f{x)u e {x) q(x) dx-Ao- A^lne = 0{e n/p ) + o(e 2 ln e), 
which reduces to (|5.ip if we assume that p < n/2. 
6.2. Proof of As before, 

/ f(x)uf x) dx = [ f(x)u p{x) dx + [ f(x)u p(x Ux 

JR™ JB el/p JB 2S \B (1/p 

where, noticing that p = pJj, the 2nd integral in the right hand side can be bounded by 



f u p dx< Ce p (1 + rApr" -1 dr 



B 2s\ B e l/p 

n—p^ 

< Ce p e— 

71 

= Cev, 

if p 2 < n. Then 

f{x)u p{x) dx = [ f{x)u P{x) dx + 0(ev] 



B e i/ P -i 



f{ex)e n ~ 11 V Lp(tx) U{x) p ^ dx + O(et) 



= e p /(0) / U{x) p dx + o{e p ). 
6.3. Proof of (EH). We first write 



f(x)\Vu e \ pix) dx = [ f(x)\7 1 VU e + U e Vr ] \ pix) dx= [ f{x)\ V VU e \ p( - x Ux + R e , 
where, using the inequality 

\\a + b\ q - \a\ q \ < C(\b\ q + \b\\a\ q - 1 ), 
(the constant C being uniform in q for q in a bounded interval of [0, +oo)) we can estimate 

\Re\<c\ f \Vr)\ p ^U p{x) dx + [ \Vr 1 \U e {x)\VU e \ p ^- l dx]=C[I l {e)+h{e)\. 
l Jb 2S \b s Jb 2S \b s j 

Since U e < 1 in M. n \Bg for e small, we can bound ii(e) as before by 

f f n — n — p 

h(e) <C U p dx< Ce p / U p dx < Ce p e~ = Ce^ , 

Jb 2S \B s JjBL n \B s /e 
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if p 2 < n. Since |VJ7 e | < 1 in M n \i?5 for e small, we also have 

h(e) <C f U^VU^- 1 dx 

jR n \B s 

< C\\U t \\ L P iR n\ Bs) \\VU e \\ P ~^ RnXBg) 

<Ce^\\VU £ f-l MnXBs) , 

n-1 

with, since |J7'(r)| ~ r p- 1 as r ~ +00, 



-00 

_. n — p 

|VC/ e | p dx < C I lU'ir^r^dr < Ce^ . 



l \B s JS/e 

n — p n — p 

It follows that /2(e) = 0(e~p- 1 ) and then R e = 0(e p- 1 ). Independently, since 



we have 



(6.1) |VC/ e (x)| < 1 for |x| > Cpe^ 1 ), C p -- 

Taking some constant C > C p , we thus write 

f(x)\Vu e \ p{x) dx= [ f{x)\VU f \ p{x) dx 



n — p \ 



p-1 



+ / /(x)|Vtf £ | p(a:) dx + 0(e^). 

Ce p(n~l) 

Since |VC/ e (x)| < 1 in M n \£? n ~ P , we can bound the second integral on the right hand side by 

CeP ( n -i) 

f f + OO _p , P_\-n i n(ra-p) n-p 

C \VU t \ p dx<C n( P -i) rFi ( 1 + ) r"" 1 dr < Ce^ 1 ) = o(e^). 



\ J -' n — p 
Ct p(n-1) 



Hence 



/(x)|Vu e | p(x) cix = / /(x)|W e | p(x) dx + 0(e^) 

J B 71— p 

Ce p{n-1) 

o o n — p 

=B (e) +B 1 (e)e 2 In e + o(e 2 lne) + 0{e~) 
where Bq(€) an d B\(e) are the same as Bq,Bi but integrating over I? n (p-i) instead of M n . 

e p(n-l) 

Again, as in the computation of (|5.1[) . the term involving V/(0) vanishes for symmetry reasons. 

p(l — n) 

Since |[/'(r)| p ~ r p- 1 as r ~ +oo, we have 

f T + OO p — n -. n(n — p) n — p 

\B -B (e)\ <C \VU\ p dx<C / n (p -p r^~ x dr < Ce^ 7 ) =o(eFi), 



n(p-l) 



EXISTENCE OF SOLUTION 
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f o n(n-3p+2) 71 + 2 

\Bx -Si(e)| < C / |x| 2 |VC/| p (ix < Ce p("-d ifp<^— . 

Ce PC™" 1 ) 

Hence if p < ^y 2 - we have 

/ f{x)\Vu f f^ dx-B - B x <? In e = o(e 2 lne). 
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